Abstract. Consider the set S = {ρSE} of possible initial states of the system-environment. The map which assigns to each ρS ∈ TrES a ρSE ∈ S is called the assignment map. The assignment map is Hermitian, in general. In this paper, we show that if there exists a positive assignment map, then the so-called reference state is a Markov state. This implies that there exists another assignment map which is completely positive. So, the reduced dynamics of the system is also completely positive.
Introduction
Reduced dynamics of a quantum system, interacting with its environment, is given by ρ
where ρ SE is the initial state of the system-environment and the unitary operator U acts on the whole Hilbert space of the system-environment. Now, if ρ SE can be written as a function of the initial state of the system ρ S = Tr E (ρ SE ), i.e., ρ SE = Λ S (ρ S ), (1.2) where Λ S is called the assignment map [1, 2] , then the final state of the system is given by the following map
3)
The unitary evolution U and the partial trace Tr E are completely positive (CP) maps [3] . The assignment map Λ S is, in general, Hermitian [4] , i.e., maps each Hermitian operator to a Hermitian operator. Therefore, if the reduced dynamics of the system can be written as the linear map E S , then this dynamical map E S is, in general, Hermitian [5] .
It was known that if the assignment map Λ S is (a) positive, i.e., maps each positive operator to a positive operator, and (b) consistent, i.e., Tr E (Λ S (ρ S )) = ρ S , for all ρ S on the Hilbert space of the system H S , then it is given by Λ S (ρ S ) = ρ S ⊗ σ E , (1.4) where σ E is a fixed state on the Hilbert space of the environment H E [1, 6] . Interestingly, the above Pechukas's assignment map is not only positive, but also CP. Whether this result can be generalized to arbitrary positive assignment map, is the subject of this paper.
We consider the case that there exists a linear positive assignment map Λ S , but we relax the condition (b) of the consistency of Λ S for arbitrary ρ S . Then, we show that the positivity of Λ S implies that the reference state, introduced in [7] , is a so-called Markov state, as defined in [8] .
Markovianity of the reference state results in existence of another assignment map Λ (CP ) S , which is CP, and the CP-ness of Λ (CP ) S leads to the CP-ness of the reduced dynamical map E S , in Eq. (1.3). Notation. We denote the Hilbert space of the system and the environment by H S and H E , respectively. We assume both H S and H E are finite dimensional. We, also, consider an ancillary finite dimensional Hilbert space H R , which we call it the reference space. d S , d E and d R are the dimensions of H S , H E and H R , respectively. We denote the vector space of linear operators A : H → H by L(H), and the set of density operators on H by D(H). In addition, in this paper, we call a linear trace-preserving Hermiticity-preserving map, simply, a Hermitian map. We denote a linear trace-preserving positivity-preserving map as a positive map, and a linear trace-preserving completely positive map as a completely positive (CP) map.
Reduced Dynamics and Reference State

Reduced Dynamics of Open Quantum System
Consider the set S = {ρ SE } of possible initial states of the system-environment. Since, both the system and the environment are finite dimensional, a finite number m of the members of S, where the integer m is 0
2 , are linearly independent. Let's denote this linearly independent set as S ′ = {ρ
SE }. Therefore, any ρ SE ∈ S can be written as
SE , where a i are real coefficients. In the following, we restrict ourselves to the case that all ρ
2 , are also linearly independent. Therefore, there is a one to one correspondence between the members of S and the members of S S ≡ Tr E S. Generalization to the case, that there is no such correspondence, will be given in Sec. 4 . Now, we define the subspace V as the subspace spanned by ρ
what which we show for the whole V and V S , is also valid for their subsets S and S S , respectively.
Since all ρ SE ∈ S ′ , for each x ∈ V S , there is only one X ∈ V such that Tr E (X) = x. This allows us to define the linear assignment map Λ S as bellow. We define Λ S (ρ
Λ S is a map on the whole
2 , we can simply generalize Λ S to the whole L(H S ). Consider the set
are chosen arbitrarily, we can generalize the assignment map Λ S in Eq. (2.2) to the whole L(H S ):
is a Hermitian map, by construction. Note that, though, for any x ∈ V S , Λ S (x) = X means that Tr E (X) = x, but for a y / ∈ V S , Λ S (y) = Y may lead to Tr E (Y ) = y. This is so since we have chosen ρ
2 , arbitrarily. In other words, Λ S is consistent only on V S , and not necessarily on the whole L(H S ).
It is also worth noting that, for Hermiticity of Λ S , it is enough to choose Λ S (ρ
SE are arbitrary Hermitian operators on H S ⊗ H E , with unit trace. But, since, in this paper, we are interested in positive assignment maps, we have defined Λ S (ρ
2 . Now, for any ρ S ∈ Tr E (D(H S ⊗H E )∩V), and any unitary evolution U of the whole system-environment, the reduced dynamics of the system is given by Eq. (1.3), where the dynamical map E S is a Hermitian map on L(H S ).
Reference State
In Ref. [7] , we have introduced the reference state ω RS ∈ D(H R ⊗ H S ) as
where ρ
S ∈ S ′ S and {|l R } is an orthonormal basis for the reference Hilbert space H R . In addition, the reference state ω RSE ∈ D(H R ⊗ H S ⊗ H E ) is defined as [7] 
where id R is the identity map on L(H R ), and ρ
S .
An immediate consequence of the above definitions is that we can construct subspaces V S and V as the generalized steered sets, from ω RS and ω RSE , respectively. We have [7] 
and
where A R are arbitrary linear operators in L(H R ), and I S and I SE are the identity operators on H S and H S ⊗ H E , respectively. As we have seen in the previous subsection, when
such that their action on V S are the same, but they act differently on (some) operators y / ∈ V S . Therefore, it is possible that we choose a non-CP assignment map Λ S , while there exists another assignment map Λ (CP ) S , which is CP. In the next subsection, using the reference state ω RSE , we will see how we can avoid such inappropriate choosing of the assignment map Λ S .
Markovianity of Reference State and CP-ness of Reduced Dynamics
where
. A Markov state σ RSE can be written as [8] 
where σ RS = Tr E (σ RSE ), and Λ 
S ∈ S ′ S ; i.e., this Λ (CP ) S maps V S to V. Therefore, the reduced dynamics in Eq. (1.3) is CP, for arbitrary evolution U .
Reversely, if there exists a CP assignment map Λ
, which maps all ρ (l)
′ , then the reference state ω RSE , in Eq. (2.5), is a Markov state, even if we have used a non-CP assignment map Λ S to construct it.
In summary [7] :
8).
Therefore, by checking whether ω RSE , in Eq. (2.5), can be written as Eq. (2.8) or not, we can deduce whether there exists a CP assignment map, which maps V S to V, or not.
When ω RSE is a Markov state, and so, there exists a CP assignment map Λ (CP ) S , then, since Tr E and Ad U are also CP [3] , the reduced dynamics of the system E S , in Eq. (1.3), for any
In fact, based on the Proposition 2.1, one can prove that the reduced dynamics of the system E S , in Eq. (1.3), for any ρ S ∈ Tr E (D(H S ⊗ H E ) ∩ V), is CP, for arbitrary U , if and only if ω RSE , in Eq. (2.5), is a Markov state [10, 11, 7] .
Finally, note that Λ 
where id S is the identity map on the whole L(H S ), and σ E ∈ D(H E ) is a (fixed) state. The above assignment map is the same as the Pechukas's one, in Eq. (1.4).
In summary, using the fact that any CP assignment map Λ But, in proving the Pechukas's theorem, in [1, 6] , (in addition to the consistency on the whole L(H S )) only the positivity of the Λ S is assumed. In the next section, we will show how existence of a positive assignment map Λ 
Main Result
Markov States and Strong Subadditivity
An important relation in quantum information theory is the strong subadditivity relation; i.e., for each tripartite quantum state σ RSE ∈ D(H R ⊗H S ⊗H E ), the following inequality holds [12, 3] :
where σ RS = Tr E (σ RSE ), σ SE = Tr R (σ RSE ) and σ S = Tr RE (σ RSE ) are the reduced states and S(σ) ≡ −Tr(σlogσ) is the von Neumann entropy [3] . The relative entropy of the state ρ to another state σ is defined as [3] S(ρ||σ) ≡ Tr(ρlogρ) − Tr(ρlogσ), , it can be shown that S(σ RS ||σ R ⊗ σ S ) = S(σ R ) + S(σ S )−S(σ RS ), where σ R = Tr SE (σ RSE ). In addition, S(σ RSE ||σ R ⊗σ SE ) = S(σ R ) + S(σ SE ) − S(σ RSE ). So, Eq. (3.1) can be rewritten as
In Ref. [8] , it has been shown that the strong subadditivity relation, Eq. Each tripartite state σ RSE satisfies Eq. (3.3) . So, if, in addition, we have 
Now, using Eq. (2.4), it can be shown that
Similarly, using Eq. (2.5), we have
In Ref. [13] , It has been shown that the relative entropy is monotone, not only under CP maps, but also under positive maps. So, if there exists a positive assignment map Λ
So, using Eqs. (3.6), (3.7), and (3.8), we achieve Eq. (3.5). Therefore the reference state ω RSE , in Eq. (2.5), is a Markov state. Now, Proposition 2.1 states that there exists a CP assignment map Λ
, the reduced dynamics of the system, in Eq. (1.3) , is CP, for arbitrary system-environment evolution U . In summary, we have proved the following theorem, as our main result in this paper: 
and arbitrary system-environment unitary evolution U . 7
Pechukas's Theorem
As states in subsection 2.2, when m < (d S ) 2 , there are infinitely many different Hermitian assignment maps Λ S :
, then there is only one way to construct the assignment map Λ S . If we require that this unique assignment map Λ S is positive, then Theorem 3.1 states that Λ S is, in addition, CP. Now, since Λ S is consistent on the whole V S = L(H S ), using Corollary 2.2, we conclude that Λ S is as Eq. (2.11), which is the Pechukas's one. In summary:
positive, and (b) consistent on the whole L(H S ), then it is given by Eq. (2.11).
Generalization to Arbitrary V
Consider the set S = {ρ SE } of possible initial states of the system-environment. Let's denote the set of linearly independent members of S by S ′ = {ρ
SE , with complex coefficients c i .
Without loss of generality, we can assume that ρ
SE ), i = 1, . . . , m, are also linearly independent, where ρ 2) ; i.e., the assignment map Λ S maps V S to the subspaceV ⊂ V, which is spanned by {ρ
where, for each W ∈ V 0 , we have Tr E (W ) = 0. So, the most general possible assignment map is asΛ
where V 0 denotes arbitrary W ∈ V 0 . In addition, if we define the reference states ω RS and ω RSE as Eqs. (2.4) and (2.5), respectively, then, as before, V S is given as the generalized steered set of ω RS , in Eq. (2.6); but, Eq. (2.7) givesV.
Assume that, for each ρ SE ∈ S, the reduced dynamics of the system is given by a map Ψ S . So, for each ρ S = Tr E (ρ SE ) ∈ S S = Tr E S, we have:
The first obvious requirement that such a map Ψ S can be defined, is the U -consistency of the S [4], i.e., if for two states ρ SE , σ SE ∈ S, we have 8
Let's consider the U -consistency condition on the whole V, instead of only on S. 4 In Ref. [4] , it has been shown that V is U -consistent, for arbitrary U , if and only if V 0 = {0}, i.e., the case studied in subsection 2.1. But now, where m < M , and so V 0 = {0}, the subspace V is U -consistent, only for a restricted set of unitary operators U ∈ G ⊂ U(H S ⊗ H E ), where U(H S ⊗ H E ) denotes the set of all unitary operators on H S ⊗ H E . When V is U -consistent, for all U ∈ G, we say that V is G-consistent.
5
For each U ∈ G, the subspace V 0 is mapped by Ad U to kerTr E . So, for each ρ S ∈ Tr E (D(H S ⊗ H E ) ∩ V), and each U ∈ G, using Eq. (4.2), the reduced dynamics of the system is given by
where ρ SE ∈ D(H S ⊗ H E ) ∩ V is such that Tr E (ρ SE ) = ρ S . Now, since Tr E and Ad U are CP, and Λ S :
is Hermitian, the reduced dynamical map E S is Hermitian, in general, for each U ∈ G.
Finally, if there exists a positive assignment map Λ (P )
S , which maps V S toV, i.e., if Λ S in Eq. (4.2) is positive, then we can follow the same line of reasoning, as given in subsection 3.2, to prove the following theorem, which is the generalization of Theorem 3.1, to arbitrary V. 
and arbitrary system-environment unitary evolution U ∈ G.
Conclusion
We have considered, an arbitrarily chosen (constructed), set S = {ρ SE } of possible initial states of the system-environment. Using this S, we have constructed the subspace V ⊆ L(H S ⊗ H E ), which is spanned by states. Then, we have seen that, for arbitrary unitary time evolution of the systemenvironment U ∈ G, the reduced dynamics of the system, for any ρ S ∈ Tr E (D(H S ⊗ H E ) ∩ V), is given by the map E S = Tr E • Ad U • Λ S , which is a Hermitian map, since the assignment map Λ S is Hermitian, in general. Note that, since S S = Tr E S ⊆ Tr E (D(H S ⊗ H E ) ∩ V), the above result is valid for our arbitrarily chosen set S, too.
When Λ S is, in addition, CP, then the reduced dynamics is also CP. CP reduced dynamics is commonly used in the quantum information theory [3] , and in the theory of open quantum systems [14, 15, 16] . In addition, the CPness of Λ S , can give us results on the structure of V, V S , S and S S [11, 17] . Therefore, the CP-ness of the assignment map Λ S : L(H S ) → L(H S ⊗ H E ) is of interest.
In this paper, using the result of [13] , of monotonicity of the relative entropy under positive maps, and using the reference states, in Eqs. (2.4) and (2.5), introduced in [7] , we have shown that the existence of a positive assignment map Λ . Therefore, we actually deal with only two types of assignment maps: (a) CP assignment maps, and (b) non-positive Hermitian ones. For a CP assignment map, the reduced dynamics is CP, for any ρ S ∈ Tr E (D(H S ⊗ H E ) ∩ V) = D(H S ) ∩ V S , and all U ∈ G; but, for a non-positive assignment map it is not necessarily so. In fact, when G = U(H S ⊗ H E ), and when the reference state, in Eq. (2.5), is not a Markov state, as Eq. (2.8), then there exists no CP assignment map, and the reduced dynamics, for at least one U ∈ G = U(H S ⊗ H E ), is non-CP [7, 10] .
